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We introduce new measures of multipartite quantum correlations based on classical correlations
in mutually unbiased bases. These classical correlations are measured in terms of the classical
mutual information, which has a clear operational meaning. We present sufficient conditions under
which these measures are maximized. States that have previously been shown to be particularily
important in the context of LOCC transformations fulfill these conditions and therefore maximize
the correlation measures. In addition, we show how the new measures can be used to detect high-
dimensional tripartite entanglement by using only a few local measurements.
I. INTRODUCTION
The fact that quantum systems can exhibit correla-
tions that have no classical analog is at the core of quan-
tum theory. In the last decades it has been realized that
these quantum correlations are not only of fundamental
interest; they can moreover be manipulated to achieve
tasks that are impossible with classical devices. These
applications include quantum communication, quantum
computation and quantum simulation [1]. Hence, a lot
of effort has been devoted to reach a better understand-
ing of quantum correlations and to find new ways to de-
tect, quantify and manipulate them. While the theory
of bipartite quantum correlations is well developed, the
multipartite case still holds many open problems [2, 3].
The drastic difference between the bipartite and mul-
tipartite case is particularly clear in the case of quan-
tum entanglement, which is fundamental to many ap-
plications in quantum information theory. For bipartite
quantum systems there exists (up to local unitary oper-
ations) one single most entangled state, the maximally
entangled state. Its name is justified by the fact that
spatially separated parties can deterministically obtain
any other bipartite state from the maximally entangled
state by manipulating it via local operations assisted by
classical communication (LOCC) [4]. The maximally en-
tangled state is hence the optimal bipartite entanglement
resource. It maximizes any measure of entanglement and
serves as a standard with which the resourcefulness of
other entangled bipartite quantum states can be com-
pared. This situation changes drastically if one enters
the multipartite realm. Multipartite quantum systems
can be entangled in many inequivalent ways [5] and gen-
erally there does not exist a unique maximally entangled
state that can serve as a standard to assess the resource-
fulness of other quantum states [6]. In the last years,
several classes of multipartite entangled quantum states
with interesting properties have been identified and some
of these have motivated novel multipartite applications,
such as one-way quantum computing [7], secret sharing
[8] or applications in quantum metrology [9]. But the
correlations these states contain are nevertheless often
only partially understood. A better understanding of
their properties seems however crucial if one wants to
find new truly multipartite applications of the quantum
correlations they exhibit.
To this end, different approaches are being pursued.
One approach is to qualify and quantify quantum corre-
lations in terms of their transformation properties. As
entanglement is a resource under LOCC, it is natural
to study LOCC transformations of multipartite quan-
tum states [3]. Moreover, more general transformations
have been considered, such as separable transformations
[2, 10] or ǫ-nonentangling operations [11], despite the fact
that they lack a clear physical meaning. Another ap-
proach is to find measures to quantify the quantum cor-
relations contained in multipartite states. These include
approaches based on, e.g. quantum entropic quantities,
concurrences and polynomial invariants [2, 3].
In recent work [12, 13], the concept of complementar-
ity, another distinctive feature of quantum theory, has
been used to quantify quantum correlations of bipartite
quantum systems. In the present work, we generalize
these results to the multipartite setting. Two observ-
ables are called complementary if certainty about the
measurement outcome of one observable implies complete
uncertainty about the outcome of the other observable.
For complementary observables the absolute value of the
overlap between any eigenstate of the first observable
with any eigenstate of the second observable is constant
[14] and their eigenbases are called mutually unbiased.
Mutually unbiased bases (MUBs) have many applications
ranging from quantum state tomography, quantum error
correction, and quantum cryptography to the detection
of entanglement [14].
In this work, we use the notion of complementary
observables to study quantum correlations. The cen-
tral idea is that only quantum correlated states can ex-
hibit strong classical correlations in the measurement
outcomes of local complementary observables. We use
mutually unbiased bases to define a novel set of mea-
sures of quantum correlations, {CN}. CN has a clear
operational meaning as it measures multipartite quan-
tum correlations in terms of the maximal classical mu-
tual information that a single party can share with the
other parties by measuring the state in N mutually un-
biased bases. This generalizes the bipartite measure of
“complementary correlations” introduced in [12] to the
2multipartite case. We investigate which states are max-
imally correlated with respect to CN and present some
necessary and some sufficient conditions for this to be
the case, thereby providing new physical insight into the
quantum correlations they contain. Moreover, we present
several other applications of CN for pure and mixed quan-
tum states. One application is entanglement detection.
While the effort required to certify entanglement gener-
ally increases rapidly with the system size [15], we show
how CN can be used to detect even high-dimensional gen-
uine tripartite entanglement employing only a few local
measurement settings. The structure of the remainder of
this paper is the following. In Sec. II we introduce our
notation and recall important definitions and results on
MUBs and entropic uncertainty relations. We moreover
review some concepts from entanglement theory that are
used in this work. After that we present the following
results.
(i) New correlation measures (Sec. III): We
present a set of new correlation measures, {CN},
and discuss its basic properties.
(ii) States maximizing CN (Sec. IV): In Lemma 1
we first present a generalized version of a result
from [12] on bipartite states that maximize CN (see
also [16]). In Lemma 3 we present necessary and in
Theorem 5 sufficient conditions for a (multipartite)
state to yield the maximal quantum correlations as
measured by CN .
(iii) Examples of pure states maximizing CN (Sec.
V): We use Theorem 5 to show that several previ-
ously studied few-body quantum states maximize
CN , discuss properties of (n > 3)-partite pure states
that maximize CN and present examples thereof.
Moreover, we investigate how CN changes under lo-
cal operations assisted by classical communication
(LOCC).
(iv) Detection of mixed state entanglement (Sec.
VI): We show how CN can be used to detect genuine
tripartite entanglement (Lemma 6 and Lemma 7).
In particular, we demonstrate that even for high-
dimensional systems and using only two local mea-
surement settings, CN can be employed to detect
genuine tripartite entanglement in the vicinity of
the generalized GHZ state.
(v) Generalization to mutually unbiased mea-
surements (Sec. VII): We discuss how the defini-
tion of CN can be generalized from measurements in
MUBs to, e.g., include measurements in mutually
unbiased measurements (MUMs) [17].
II. PRELIMINARIES AND NOTATION
In this subsection we introduce our notation and recall
important results on MUBs and entropic uncertainty re-
lations. Moreover, we review concepts from entanglement
theory that we use in this work.
A. Mutual information
We denote by D(H) the set of density operators on
the Hilbert space H. If a basis B = {|b(i)〉}d−1i=0 of ICd
is measured on ρ ∈ D(ICd), this yields a specific out-
come i ∈ {0, . . . , d − 1}, with probability p(i|B; ρ). The
uncertainty with respect to the outcome of the mea-
surement is quantified by the Shannon entropy of this
probability distribution, which we denote by H(B|ρ) =
−∑i p(i|B; ρ) log(p(i|B; ρ)). Here and in the following
the logarithm is taken to base two. As we are only in-
terested in the entropic properties of measurement out-
comes, and not in the corresponding outcomes, we often
identify an operator X (no degeneracy) with its eigenba-
sis B and write e.g. H(X |ρ) ≡ H(B|ρ) and analogously
for other quantities. Moreover, for a state ρ of a compos-
ite system of n subsystems we measure the mutual depen-
dence of the outcomes of measurements on different sets
of subsystems via their mutual information. More specif-
ically, we consider sets of subsystems A,B ⊂ {1, . . . , n}
that form a partition of {1, . . . , n}, i.e. A ∩ B = ∅ and
A ∪ B = {1, . . . , n}, and measurements in the basis B(l)
on subsystem l. The mutual information between the
measurement outcomes in A and B is then
I({B(l)}l∈A : {B(l)}l∈B|ρ)
= H({B(l)}l∈A|ρ)−H({B(l)}l∈A|{B(l)}l∈B; ρ). (1)
Here, we used the conditional entropy of the outcomes
obtained at A conditioned on the outcomes of B,
H({B(l)}l∈A|{B(l)}l∈B; ρ)
= H({B(l)}l∈{1,...,n}|ρ)−H({B(l)}l∈B|ρ).
Note here that B(l) and B(l′) are allowed to be different
for l 6= l′. If the global system is partitioned into one sub-
system, j, and the rest, {1, . . . , n}/{j} ≡ j¯, we often use
the notation I(B(j) : B(j¯)|ρ) for the sake of readability
and analogous abbreviations for other quantities. That
is, I(B(j) : B(j¯)|ρ) denotes the mutual information be-
tween subsystem j and the rest when the bases {B(l)}l are
measured. Let us denote the dimensions of the subsys-
tems A and B with DS =
∏
l∈S dl for S ∈ {A,B}. Then
the mutual information in Eq. (1) is upper bounded by
minA{log(DA), log(DB)}. The bound is reached iff the
outcomes of the measurements by one subset of parties
S ∈ {A,B} with DS = min{DA, DB} are completely un-
certain, but as soon as the measurement results of the
other subsystems are known, one can predict them with
certainty.
3B. Mutually unbiased bases
Let us now review some definitions and results concern-
ing mutually unbiased bases (see [14] for a recent review).
For a d-dimensional system a set of bases {Bk}Nk=1, where
Bk = {|bk(i)〉}d−1i=0 , is called a set of mutually unbiased
bases (MUBs) if |〈bk(i)|bk′(j)〉|2 = 1/d for all k 6= k′ and
for all i, j ∈ {0, . . . , d− 1}. From the definition it is clear
that any basis in a set of MUBs, {Bk}Nk=1, describes a
property of the system’s state that is complementary to
the others. That is, knowing the outcome of a measure-
ment in basis Bk that projects the quantum state onto
|bk(i)〉 implies that one has no prior knowledge about the
outcome of a measurement in a complementary basis, i.e.
H(Bk′ | |bk(i)〉 〈bk(i)|) = log(d), for all k′ 6= k.
There exist at most N = d + 1 MUBs in ICd [18] and
a set of two MUBs always exists [14]. If the maximal
number of d + 1 MUBs is reached, the corresponding
set is called complete. A complete set of MUBs can be
constructed if d is prime or a power of a prime (see e.g.
[19, 20]). For the smallest dimension which is not of this
kind, i.e. for d = 6, it is not known whether a complete
set of MUBs exists.
In this work we often use that a particular complete
set of MUBs is given by the eigenbases of some of the
generalized Pauli operators if d is prime. Their definition
is as follows. For every k = (k1, k2) ∈ {0, . . . , d − 1}2 a
generalized Pauli operator is defined as
Sd,k = X
k1
d Z
k2
d , (2)
where
Xd =
d−1∑
k=0
|k + 1 mod d〉 〈k| ,
Zd =
d−1∑
k=0
ωkd |k〉 〈k| ,
and ωd = exp(2πi/d). For d = 2 the operators in Eq.
(2) are proportional to the Pauli operators. The eigen-
bases of the set of generalized Pauli operators {Sd,(0,1)}∪
{Sd,(1,m)}d−1m=0 constitute a complete set of MUBs for d
prime [24]. The eigenvectors of Sd,k, {|ik〉}d−1i=0 , fulfill
Sd,k |ik〉 = ωid |ik〉. Notice also that the eigenbasis of Zd
is the computational basis and the mutually unbiased
Fourier basis is the eigenbasis of Xd, i.e.
∣∣i(0,1)〉 = |i〉
and
∣∣i(1,0)〉 = 1/√d∑d−1m=0 ωmid |m〉 for i ∈ {0, . . . , d− 1}.
Moreover, the eigenbases of Zd, Xd constitute a set of two
MUBs for any d [14].
C. Entropic uncertainty relations
The fact that each basis in a set of MUBs describes a
property of the system’s state that is complementary to
the others is expressed in the well-knownMaassen-Uffink-
inequality [21]. For two arbitrary bases B′1 = {|b′1(i)〉}d−1i=0
and B′2 = {|b′2(i)〉}d−1i=0 it states that
H(B′1|ρ) +H(B′2|ρ) ≥ − log(c), ∀ρ ∈ D(H), (3)
where c = maxi,j |〈b′1(i)|b′2(j)〉|2. For a set of MUBs
{Bk}Nk=1 this yields the entropic uncertainty relation
H(Bk|ρ) +H(Bk′ |ρ) ≥ log(d), ∀k 6= k′. (4)
This relation shows that there is a tradeoff between the
prior knowledge one can attain about the outcomes of
measurements in basis Bk and Bk′ .
By simply applying inequality Eq. (4) to always two
different MUBs it is trivial to find the uncertainty rela-
tion
N∑
k=1
H(Bk|ρ) ≥ N
2
log(d). (5)
In [22] this relation was improved to
N∑
k=1
H(Bk|ρ) ≥ −N log
(
N + d− 1
dN
)
. (6)
As mentioned above, a complete set of N = d+1 MUBs
is known to exist if d is a power of two. The lower bound
can then be further improved to [23]
d+1∑
k=1
H(Bk|ρ) ≥ d
2
log
d
2
+
(
d
2
+ 1
)
log
(
d
2
+ 1
)
. (7)
D. Concepts from entanglement theory
Let us now review some concepts from entanglement
theory that we use in this work. Two states are called
local-unitarily (LU)-equivalent if they can be converted
into each other by applying local unitaries. Moreover,
we denote the maximally entangled bipartite state by
|φ+〉 ∝∑d−1i=0 |i〉 |i〉. The generalized GHZ state of n sub-
systems with local dimension d is denoted by |GHZd,n〉 ∝∑d−1
i=0 |i〉⊗n.
The first concept that we briefly review here are
stochastic LOCC (SLOCC) classes. Two states |ψ〉 and
|φ〉 are in the same SLOCC class if |ψ〉 can be trans-
formed into |φ〉 and vice versa via LOCC with some fi-
nite probability of success. The states are then called
SLOCC equivalent. The states that are SLOCC equiv-
alent to |ψ〉 constitute its SLOCC class. It is known
that there are only two different SLOCC classes of gen-
uinely tripartite entangled three-qubit states [5]. The
first class is represented by the GHZ state, |GHZ2,3〉,
and the second class is represented by the W state,
|W 〉 ∝ |100〉 + |010〉 + |001〉. There are, however, in-
finitely many SLOCC classes of genuinely multipartite
entangled three-qutrit or four-qubit states [25, 26].
4The second concept that we review here is the one of
the maximally entangled set (MES) introduced in [6].
It is the set of all truely multipartite entangled states
in a Hilbert space, H, that cannot be obtained from any
other LU-inequivalent state via LOCC. That is, the MES
is the minimal set from which any other truely multipar-
tite entangled state can be generated deterministically
via LOCC. The MES is thus a generalization of the max-
imally entangled bipartite state to multipartite quantum
systems. Note that, while the MES of bipartite systems
contains only |φ+〉, the MES of three-qubits contains al-
ready infinitely many states [6, 27, 28].
Finally, we review the definitions of the source and
accessible entanglement, which were introduced in [29].
For a quantum state ρ ∈ D(H) one can define the sets
Ms(ρ) = {σ ∈ D(H) s.t. σ LOCC−−−−→ ρ}, (8)
Ma(ρ) = {σ′ ∈ D(H) s.t. ρ LOCC−−−−→ σ′}, (9)
i.e. the set of states from (to) which ρ can be obtained
(transformed) via LOCC, respectively. For any mea-
sure µ on the state space one can measure their volumes
Vk(ρ) ≡ µ(Mk(ρ)) for k ∈ {s, a} and define the source
and accessible entanglement as
Es(ρ) ≡ 1− Vs(ρ)
supσ Vs(σ)
and Ea(ρ) ≡ Va(ρ)
supσ Va(σ)
, (10)
respectively. The former quantifies how easy it is to
generate ρ from other states via LOCC, while the latter
quantifies the potentiality of ρ to be converted to other
states via LOCC. Due to their operational character,
it is easy to show that they are indeed entanglement
measures [29]. The source and accessible entanglement
and generalizations thereof have been calculated and
used to study and characterize few-body entanglement in
[29, 30]. Here, we compare these entanglement measures
for some states with the new correlation functions we
introduce in the next section.
III. NEW CORRELATION MEASURES
In this subsection we introduce a set of new correla-
tion measures for multipartite quantum systems based
on measurements in mutually unbiased bases. We con-
sider a n-partite quantum system with Hilbert space
H =⊗ni=1 ICdi for which a set ofN ≥ 2 MUBs, {B(l)k }Nk=1,
exists on each subsystem l ∈ {1, . . . , n}. We then define
the function
CN (ρ, {B(l)k }k,l) =
1
nN
N∑
k=1
n∑
l=1
I(B(l)k : B(l¯)k |ρ), (11)
and we introduce the correlation function
CN (ρ) = max
{B
(l)
k
}k,l
CN (ρ, {B(l)k }k,l). (12)
Here we used the notation {B(l)k }k,l ≡
{B(l)k }k∈{1,...,N},l∈{1,...,n}. In Eq. (12) we optimize
over all such sets of MUBs. Let us mention here again
that B(l)k and B(l
′)
k are allowed to differ for l 6= l′. That
is, the bases on the different subsystems can be different.
Moreover, all bases on any subsystem are mutually
unbiased.
Let us first comment on some general properties of
CN . Notice first that C2 is defined for any multipartite
system as there always exist two MUBs on each subsys-
tem. If a set of L > 2 MUBs exists on each subsystem we
obtain a whole class of correlation measures, {CN}LN=2.
As the maximal number of MUBs on subsystem l is up-
per bounded by dl + 1 the number of functions in this
class is L ≤ minl dl + 1. In order to make the func-
tions in {CN} comparable to each other they are normal-
ized such that they can reach at most 1/n
∑n
i=1 log(d˜i),
where d˜i = min{di,
∏
l∈i¯ dl}, which is independent of N
and saturated iff all of the mutual informations in Eq.
(11) are maximized. In this work we consider only sys-
tems for which d˜i = di for all i ∈ {1, . . . , n} such that the
maximal value of the functions {CN} is 1/n
∑n
i=1 log(di).
Moreover, note that for N > N ′ every state maximizing
CN also maximizes CN ′ .
For bipartite systems C2 coincides up to normalization
with the entropic measure of “complementary correla-
tions” introduced in [12], where it has been shown that
only entangled bipartite states can exhibit correlations in
mutually unbiased bases that are strong enough to exceed
a certain value of C2. In Sec. IV we review these results
and show how they can be extended to the multipartite
case. In the subsequent sections we investigate the set
of correlation measures {CN} in detail and use them to
study correlations of multipartite pure and mixed states.
We identify necessary properties of states to maximize CN
and present also conditions that are sufficient for max-
imization. Moreover, we use {CN} to study the entan-
glement properties of multipartite quantum states. We
show, for example, how it can be used to detect even
high-dimensional genuine tripartite entanglement using
only few measurement settings.
IV. STATES MAXIMIZING CN
In this section we determine some properties a state
ρ ∈ D(⊗ni=1 ICdi) necessarily has to fulfill in order to
reach the upper bound CN (ρ) = 1/n
∑n
i=1 log(di). More-
over, we present conditions that are sufficient to reach
this bound. We first consider bipartite states and then
proceed with a study of the multipartite case.
A. Bipartite states
In this subsection we extend the result that maximally
entangled states are the only states in D(ICd ⊗ ICd) that
5maximize C2 (see [12]) to a more general situation (see
also [16]). In order to do so, we use Holevo’s Theo-
rem [31], which we review here for the sake of readability.
Let us consider the following bipartite scenario with
parties Alice (A) and Bob (B) (see also [1]). Suppose
Alice encodes the random variable X ∈ {1, . . . ,mA} us-
ing the ensemble {pX(i), ρX(i)}mAi=1 of quantum states
and Bob performs a measurement corresponding to
the positive-operator valued measure (POVM) elements
{QY (i)}mBi=1 on this ensemble to obtain the random vari-
able Y ∈ {1, . . . ,mB}. Then Holevo’s theorem states
that for any such measurement Bob may perform,
I(X : Y ) ≤ S(ρ)−
∑
i
pX(i)S(ρX(i)), (13)
where S(ρ) ≡ −tr(ρ log(ρ)) is the von Neumann entropy
and ρ =
∑
i pX(i)ρX(i).
Here, we consider the case where Alice and Bob ini-
tially share a quantum state ρAB ∈ D(ICd
′ ⊗ ICd), with
d′ ≥ d. Alice can measure her system in order to
create an ensemble on Bob’s system, which encodes a
random variable as described above. In order to en-
code the random variable X she performs the measure-
ment corresponding to the POVM elements {PX(j)} and
thereby creates the ensemble {pX(i), ρ(B)X (i)} on Bob’s
system [46]. In order to encode Z she performs {PZ(j′)}
and thereby prepares {pZ(i′), ρ(B)Z (i′)} on Bob’s system.
Moreover, Alice prepares the ensembles in such a way
that they fulfill the following additional condition. For
the measurements {QYX (i)} and {QYZ (i′)} on Bob’s sys-
tem that allow him to maximize I(X : YX) and I(Z : YZ),
respectively, it holds that
tr(QYX (i)ρ
(B)
Z (j
′)) = tr(QYZ (i
′)ρ
(B)
X (j)) = 1/d (14)
for all i, j, i′, j′. That is, the measurement that allows
Bob to extract maximal information on X (Z), i.e. to
maximize I(X : YX) (I(Z : YZ)), cannot be used to
extract any information about the other random vari-
able, Z (X), respectively, as then all measurement out-
comes are equally likely. However, if Alice informs Bob
about which one of the two random variables she has
used for the encoding, e.g. by sending one classical
bit, Bob can extract the maximal information about
the corresponding random variable. Note, however, that
I(X : YX) + I(Z : YZ) ≤ 2 log(d). Using Holevo’s Theo-
rem we prove the following lemma (see also [12, 16]).
Lemma 1. For a bipartite state ρAB ∈ D(ICd
′⊗ICd), with
d′ ≥ d, there exist measurements as described before for
which I(X : YX) + I(Z : YZ) = 2 log(d) iff ρAB admits
the decomposition
ρAB =
∑
k
q˜k(Vk ⊗ 1l)
∣∣φ+〉 〈φ+∣∣ (V †k ⊗ 1l), (15)
where {q˜k} are probabilities, Vk are isometries mapping
ICd to ICd
′
and where Vk and Vk′ have orthogonal images,
i.e. V †k Vk′ = 0, for k 6= k′.
It is easy to see that the state ρAB can be reversibly
transformed into the maximally entangled state |φ+〉 via
local operations of Alice. ρAB hence contains the same
entanglement as |φ+〉.
For the sake of readability, we give here only an outline
of the proof, which is presented in Appendix A in full
detail. It follows directly from Holevo’s Theorem that
I(X : YX) + I(Z : YZ) = 2 log(d) can be achieved only if
S
(
ρ(B)
)
= log(d) (16)
and
S
(
ρ
(B)
R (i)
)
= 0, ∀i and for R ∈ {X,Z} (17)
where ρ(B) = trA(ρAB) =
∑
i pR(i)ρ
(B)
R (i), for R ∈{X,Z}. Eqs. (16 - 17) state that I(X : YX)+I(Z : YZ) =
2 log(dB) only if ρ
(B) is completely mixed and Alice can
prepare pure states on Bob’s system using any one of the
measurements. Moreover, using Eq. (14) it is easy to see
that the pure state ensembles created on Bob’s system
have to correspond to MUBs. In Appendix A we show
that these conditions can only be fulfilled if ρAB can be
expressed as described in Eq. (15). It is straightforward
to see that the operations needed to transform ρAB to the
maximally entangled state can always be included in the
measurements of Alice. Hence, it is enough to show the
“if”-part for the state |φ+〉, which has also been shown in
[12, 16]. The maximal correlation is reached if Alice and
Bob measure either both in the computational basis, i.e.
the eigenbasis of Zd, or the mutually unbiased Fourier
basis, i.e. the eigenbasis of Xd. A straightforward calcu-
lation shows that these measurements and the ensembles
that Alice creates indeed fulfill Eq. (14).
We can now look at the more special situation in which
the two measurements by Alice are restricted to MUBs.
The measurement setting described before Lemma 1 is
then identical to the scenario considered in the definition
of C2. For d′ = d it is easy to see that no mixed state
of the form given in Eq. (15) exists. Any state that
maximizes C2 thus has to be LU-equivalent to |φ+〉. We
therefore obtain the following corollary of Lemma 1 (see
also [12, 16]).
Corollary 2. A bipartite state ρ ∈ D(ICd ⊗ ICd) maxi-
mizes C2 iff it is LU-equivalent to the maximally entan-
gled state, |φ+〉.
Since, as mentioned before, any bipartite state that
maximizes CN maximizes C2 as well, we have that any
bipartite state maximizing CN for d′ = d necessarily has
to be pure and LU-equivalent to |φ+〉. However, it is easy
to find examples of mixed states of systems with d′ > d
that maximize C2 using Eq. (15). In the following section
we derive some necessary and some sufficient conditions
a multipartite state has to fulfill in order to maximize
CN .
6B. Multipartite states
Let us first derive some necessary conditions a state
ρ ∈ D(⊗ni ICdi) has to fulfill in order to reach the up-
per bound CN (ρ) = 1/n
∑n
i=1 log(di). Before that, recall
that in order to determine CN all systems are measured
in N different MUBs and for each of these measurement
settings the mutual information between the measure-
ment results obtained for any single system and the rest
are considered (see Eq. (11 - 12)). Using Lemma 1 it is
easy to show the following lemma.
Lemma 3. A multipartite state maximizes CN only if it
admits a decomposition as described in Eq. (15) in the
bipartition of any single subsystem and the rest.
Proof. Note that ρ maximizes CN only if it maximizes
also C2. From the definition of C2 we have that ρ
maximizes this correlation function only if it maximizes
the corresponding function C2 in each bipartite splitting
of subsystem l ∈ {1, . . . , n} with the rest. It follows from
the definition of C2 and Lemma 1 that this is possible
only if ρ admits a decomposition as described in Eq.
(15) in the bipartition of any single subsystem and the
rest. This proves the statement.
We have stated in Corollary 2 that for bipartite sys-
tems with equal local dimensions, only pure states can
maximize CN . In contrast to that, we have the following
observation for multipartite systems.
Observation 4. There exist mixed multipartite states
that maximize CN , even if all subsystems have the same
dimension.
An example is the mixed three-qutrit state ρABC =
trR(|Ω〉RABC 〈Ω|), where
|Ω〉RABC =
1
3
2∑
i,j=0
|i〉R |j〉A |i+ j mod 3〉B |i+ 2j mod 3〉C
(18)
is an absolutely maximally entangled state (AMES)
presented in [32]. AMES are states of N -subsystems for
which any ⌊N/2⌋-subsystem reduced state is completely
mixed (see e.g. [32]), where ⌊·⌋ denotes the floor of
a number. One can show that CN (ρABC) = log(3),
for N ∈ {2, 3, 4}, which is the maximal value for all
N ∈ {2, 3, 4}. These values are achieved if the individual
subsystems are all measured in the basis of the same
three-qutrit generalized Pauli operators.
The next theorem provides a condition that is suffi-
cient to show that a state maximizes CN . Before we
state this theorem, we introduce the following definitions.
We denote by GL(IC, d) the set of invertible operators on
ICd and define the stabilizer of a pure multipartite state
|ψ〉 ∈⊗ni=1 ICdi as
Sψ = {S ∈
n⊗
i=1
GL(IC, di) s.t. S |ψ〉 = |ψ〉}, (19)
i.e. as the set of all local symmetries of |ψ〉. Using this
notation, we state the following theorem (recall the defi-
nition of Sd,k in Eq. (2)).
Theorem 5. Let |ψ〉 ∈ (ICd)⊗n be a pure state with the
following properties.
• |ψ〉 has completely mixed single-subsystem reduced
states, i.e. trl¯(|ψ〉 〈ψ|) ∝ 1l, ∀l ∈ {1, . . . , n}, and
• {⊗nl=1 Smk,ld,k }k∈K ⊂ Sψ, where {mk,l 6= 0}k,l ⊂ IN ,
and K ⊆ {0, . . . , d − 1}2, |K| = N , is such that
the corresponding set of generalized Pauli opera-
tors, {Sd,k}k∈K, is mutually unbiased.
Then every |φ〉 ≃LU |ψ〉 maximizes CN .
Proof. It is clear that |φ〉 ≃LU |ψ〉 maximizes CN iff |ψ〉
does. Hence, in order to proof the theorem it is sufficient
to show that it holds for |ψ〉 itself.
We expand |ψ〉 on the first n − 1 subsystems in the
eigenbasis of Sd,k, {|ik〉}d−1i=0 , where k ∈ K, as
|ψ〉 =
∑
~i∈{0,...,d−1}n−1
∣∣∣~ik
〉 ∣∣∣φk(~i)
〉
. (20)
Here, we used the notation ~i = (i(1), . . . , i(n−1)) and∣∣∣~ik
〉
≡ ∣∣i(1)k〉⊗ . . .⊗ ∣∣i(n−1)k〉 is a state of the first n− 1
subsystems. As
⊗n
l=1 S
mk,l
d,k ∈ Sψ , we know that the
equation
⊗n
l=1 S
mk,l
d,k |ψ〉 = |ψ〉 has to hold. Using Eq.
(20) and that Sd,k |ik〉 = ωid |ik〉 we obtain
n⊗
l=1
S
mk,l
d,k |ψ〉 =
∑
~i
∣∣∣~ik
〉
ω
∑n−1
j=1 mk,ji
(j)
d S
mk,n
d,k
∣∣∣φk(~i)
〉
=
∑
~i
∣∣∣~ik
〉 ∣∣∣φk(~i)
〉
= |ψ〉 . (21)
This equation is fulfilled iff
S
mk,n
d,k
∣∣∣φk(~i)
〉
= ω
−
∑n−1
j=1 mk,ji
(j)
d
∣∣∣φk(~i)
〉
, ∀~i. (22)
Hence,
∣∣∣φk(~i)
〉
is an eigenvector of Sd,k with eigenvalue
ωq(
~i), where q(~i) = −1/mk,n
∑n−1
j=1 mk,jij mod d, i.e.
iff ∣∣∣φk(~i)
〉
= ck(~i)
∣∣∣q(~i)k
〉
(23)
for some complex number ck(~i). Reinserting Eq. (23)
into Eq. (20) we see that
|ψ〉 =
∑
~i
ck(~i)
∣∣∣~ik
〉 ∣∣∣q(~i)k
〉
. (24)
7Hence, |ψ〉 is a superposition of tensor products of eigen-
states of Sd,k with the following property. The state of
any n−1 subsystems determines the state of the remain-
ing subsystem. This implies that the outcomes of mea-
surements of {|i〉k} on any n−1 subsystems determine the
outcome of a measurement performed in the same basis
on the last subsystem. At the same time, the outcome of
the measurement on one subsystem is completely random
if one is unaware of the outcomes of the other measure-
ments, as the single-subsystem reduced states of |ψ〉 are
completely mixed. Considering both of these facts, we
obtain
I(S
(l)
d,k : S
(l¯)
d,k| |ψ〉 〈ψ|) = log(d), (25)
for all l ∈ {1, . . . , n}. As this holds for all k ∈ K and
the eigenbases of the corresponding N = |K| generalized
Pauli operators are mutually unbiased, this shows that
CN(ψ) = log(d), (26)
which is the maximal possible value.
Note that it is straightforward to generalize this theo-
rem in such a way that it also includes other local unitary
symmetries U = U1 ⊗ . . . ⊗ Un for which the spectrum
of the local unitaries Ui is {ωjd}d−1j=0 for all i ∈ {1, . . . , n}.
Recall also that any state that maximizes CN also maxi-
mizes CN ′ for N ′ ≤ N .
There are many interesting states that meet the pre-
requisits of Theorem 5, as we show in the next section.
In the proof of Theorem 5 it became evident that hav-
ing a symmetry
⊗n
l=1 S
mk,l
d,k ∈ Sψ and having all single-
subsystem reduced states completely mixed implies Eq.
(25), i.e. measurements on n−1 subsystems in the corre-
sponding basis determine the outcome of the last subsys-
tem. It might be tempting to believe that the reverse is
true as well for a state |ψ〉 with completely mixed single-
subsystem reduced states. That is, one might think that
the existence of such correlations in a basis {|bj〉}d−1j=0 en-
tails the existence of a unitary U =
∑d−1
j=0 e
iφj |bj〉 〈bj|
such that
n⊗
l=1
Uml |ψ〉 = |ψ〉 , (27)
for some set of integers {ml 6= 0} ⊂ IN . That this is not
the case can be seen by the example of the four-qutrit
state |ψ〉 ∝ |0120〉 + |1201〉 + |2012〉. This state is
maximally correlated in the computational basis in the
way described above. It is, however, easy to show that it
does not have a nontrivial local symmetry U that fulfills
Eq. (27) and is diagonal in the computational basis.
In what follows, we use the insights gained in this sec-
tion to study the correlation properties of some multipar-
tite quantum states via the set of correlation functions
{CN} and present applications of these measures.
V. EXAMPLES OF PURE STATES
MAXIMIZING CN
In this section we use the theorems and the lemmata
proven in the previous section to study the entangle-
ment of multipartite pure states. We provide examples
of states that maximze CN and study the set {CN} in
the context of LOCC transformations. A state |ψ〉 meet-
ing the prerequisits of Theorem 5 is interesting in terms
of state transformations via LOCC as it has nontrivial
local unitary symmetries and completely mixed single-
subsystem reduced states. It then follows from the re-
sults in [34, 35] that |ψ〉 is convertible, i.e. it can be
transformed deterministically via LOCC to some other
(non-LU-equivalent) state in its SLOCC class. In the fol-
lowing we study the entanglement of some of these states
and related ones and compare it with {CN}.
A. Three-qubit states
The GHZ state, |GHZ2,3〉 ∝ |000〉 + |111〉, is
(up to LUs) the unique genuinely tripartite entan-
gled pure three-qubit state with completely mixed
single-subsystem reduced states. Hence, it is the
only pure state that can potentially maximize CN ,
according to Lemma 3. Indeed, the maximal value
of C2(GHZ) = 1 can be reached if either σx or σz is
measured on each of the subsystems. Note however,
that C3 is not maximized if measurements of σy are
included, i.e. if all Pauli operators are measured.
In the following we call the scenario where all Pauli
operators are measured the Pauli setting. As the
y-measurement does not give rise to any correlations, we
have C3(GHZ2,3, {σ(l)j }j∈{x,y,z},l∈{1,2,3}) = 2/3. Numer-
ical calculations suggest that in fact C3(GHZ2,3) = 2/3
and that there is, moreover, no three-qubit pure state
that exceeds this value. Hence, there appears to be no
three-qubit pure state that exhibits correlations in three
mutually unbiased bases that are strong enough to yield
C3 > 2/3.
1. States in the maximally entangled set
C2 appears to very well capture the multipartite corre-
lations of states in the GHZ class, while its value for the
W state, |W 〉 ∝ |100〉 + |010〉 + |001〉, is comparatively
low (C2(W ) = 0.685). Due to that reason, we examine
states in the intersection of the MES (see Sec. II) with
the GHZ class.
Every state in the GHZ class is LU-equivalent to a
state of the form [6]
|ψGHZ(~g; z)〉 ∝ gx1 ⊗ gx2 ⊗ gx3Pz |GHZ2,3〉 , (28)
8where ~g = (x1, x2, x3) ∈ IR3≥0, z ∈ IC, |z| ≤ 1. More-
over, gxj are invertible operators such that g
†
xj
gxj =
1/21l+ xjσx, for all j ∈ {1, 2, 3}, and Pz = diag(z, 1/z).
Note that we choose here gxj =
√
1/21l+ xjσx. It has
been shown in [6] that the set of states in the GHZ class
that are also in the MES is given by the set of states
with z = 1. The GHZ state obviously corresponds to∣∣∣ψGHZ(~0; 1)
〉
.
Here, we focus on MES states |ψGHZ((x, x, x); 1)〉
that are symmetric under exchange of subsystems.
C2 decreases monotonically with increasing x > 0 as
can be seen in Fig. 1. This shows that the quantum
correlations contained in the GHZ state, as measured
by C2, are particularily strong also in comparison with
other states in the MES. Let us stress here again that
CN of a generic state does not need to be optimized for
a measurement setting for which all parties measure the
same bases. However, for |ψGHZ((x, x, x); 1)〉 we find nu-
merically that C2(x) = 1/2(Qx(x) +Qz(x)) holds, where
Qi = 1/3
∑3
l=1 I(σ
(l)
i : σ
(l¯)
i ) are the correlations obtained
if σi is measured on each subsystem, for i ∈ {x, y, z}.
The correlations Qx(x) decrease only slowly, while
Qz(x) declines more rapidly. This is because the local
operators that are applied to the GHZ state in order
to obtain |ψGHZ((x, x, x); 1)〉 have, in the Pauli basis,
only a component along σx and hence correlations in
the x-basis are favoured. Interestingly, the decline of
Qx(x), Qz(x) from their maximal value with increasing
x > 0 is accompanied by the appearance of correlations
in the y-basis; Qy(x) increases from zero to a maximal
value at x = 1/4. Clearly all correlations disappear
as x approaches the value 1/2 and |ψGHZ((x, x, x); 1)〉
approaches a separable state. In Fig. 1 we also compare
C2 with the three-tangle, τ3 [37]. Both measures decline
in a similar manner with increasing x. However, the
three-tangle declines more rapidly.
2. States in the accessible set of the GHZ state
The GHZ state is the three-qubit state which is con-
vertible to the most other states via LOCC. That is, it
has the largest accessible entanglement of all three-qubit
states [29]. It is interesting to investigate how C2 changes
under LOCC operations. In Fig. 2 we show how these
changes compare to the ones of the source and the acces-
sible entanglement (see Sec. II) for a LOCC transforma-
tion in which a state with very high C2 is transformed into
other states along a specific path in Hilbert space. The
conditions that the states on such a path have to fulfill
have been determined in [29, 36]. Note that, in order to
be very precise, we do not start at the GHZ state itself,
as it has an accessible entanglement which is not directly
comparable to the one of other states (see [29]). We start
at the state |ψGHZ((x0, x0, x0); z0)〉, with x0 = 0.001 and
z0 = 0.99999 − 0.00099i with a value of C2 that is very
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FIG. 1: The quantum correlations of the three-qubit state
|ψGHZ((x, x, x); 1)〉, which is an element of the MES, as mea-
sured by C2. The average of the correlations obtained by mea-
suring in the x- and z-basis (solid red line) are equal to the
correlations obtained if we optimize over all MUBs (red dots)
which shows that the optimal choice of MUBs is in fact the
former setting. C2 monotonically decreases with x. The cor-
relations in the x-basis, Qx, (uppermost dashed line; red) are
larger than the correlations Qz (middle dashed line; green).
Qy (lowest dashed line; blue) reaches a maximum at x = 1/4.
The three-tangle, τ3 (thin grey line; dashed), declines similar-
ily to C2.
close to 1 (see Fig. 2). Then the transformation con-
tinues to LOCC-reachable states with larger components
xj for j ∈ {1, 2, 3}, of ~g (see Eq. (28)), which also deter-
mine their z-parameter. Interestingly, the z-parameter
deviates a lot from |z| = 1 even if ~g is only changed
slightly [47]. As a result, the correlations in the x- and
z-basis (the Pauli setting) differ significantly from C2 in
the course of the protocol. However, as the LOCC proto-
col proceeds, even the optimal setting yields only small
correlations. This shows that the quantum correlations
measured by C2 can be used up rapidly in the process of a
LOCC transformation, while the source and the accessi-
ble entanglement decline much slower. Interestingly, the
correlations measured by the three-tangle, τ3, and C2 are
almost identical for the states considered in this LOCC
transformation.
B. Three-qutrit states
We have seen above that there exists (up to LUs) only
one pure three-qubit state, the GHZ state, that can po-
tentially exhibit perfect correlations in MUBs as mea-
sured by the functions {CN}. However, we have numeri-
cal evidence that even the GHZ state of three qubits can
maximize only C2, but not C3. In contrast to that, we
show now that, by increasing the local dimension, one
can find infinitely many three-qutrit states that exhibit
these perfect correlations in four MUBs. We consider the
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FIG. 2: The initial state close to the GHZ state (see main
text) is successively transformed via LOCC into states with
parameters ~g = (x, x, x), z(x), where x > 0 and z(x) is
determined by x (see Eq. (28)). The uppermost line
(black, crosses) depicts the source entanglement and the other
straight line (black, asterics) the accessible entanglement of
the states. The upper curved line (red, circles) represents C2
and the lower curved line (blue, squares) the correlations C2
measured in the x- and z-basis (the Pauli setting). Notice
that we investigated more intermediate states in the range
x ∈ [0.001, 0.002] to better resolve the decline of the correla-
tions in the Pauli setting. The black line with triangles shows
the values of τ3.
states
|Ψ3,3(a, b, c)〉 = a(|000〉+ |111〉+ |222〉) (29)
+ b(|012〉+ |201〉+ |120〉)
+ c(|021〉+ |210〉+ |102〉),
where a, b, c ∈ IC. It is straightforward to show that [28]
{S⊗33,k}k∈{0,1,2}2 ⊂ SΨ3,3(a,b,c). (30)
Note that the seed states of generic three-qutrit SLOCC
classes correspond to a subset of these states for which
{S3,k}k∈{0,1,2}2 ≡ SΨ3,3(a,b,c) [28]. These states are the
representatives of the SLOCC classes that are dense in
the set of three-qutrit pure states [26].
According to Theorem 5, the fact that |Ψ3,3(a, b, c)〉
have completely mixed single-subsystem reduced states
and the existence of the local symmetries in Eq. (30)
imply that CN(Ψ3,3(a, b, c)) = log(3) for N ∈ {2, 3, 4}.
In particular, generic three-qutrit seed states maximize
all CN . Analogously to the three-qubit case, we can
again consider the correlations of states in the intersec-
tion of the MES and the SLOCC class represented by
|Ψ3,3(a, b, c)〉. In contrast to the three-qubit case, most
states in the three-qutrit MES are not convertible via
LOCC [28]. The convertible states, however, are the only
interesting ones in terms of LOCC transformations. For
three qutrits they can be expressed as [28]
|ψ(~g; k; a, b, c)〉 = g(1)k ⊗ g(2)k ⊗ g(3)k |Ψ3,3(a, b, c)〉 , (31)
where ~g = (g(1), g(2), g(3)) ∈ IC3, k ∈ {0, 1, 2}2 and
g
(j)
k ∈ span{1l, S3,k, S3,−k} such that g(j)k
†
g
(j)
k = 1/31l +
g(j)S3,k + g
(j)∗e−iν−kS3,−k. Here, the phases νk are
such that S†3,k = e
iνkS3,−k. Moreover, g
(j)
k 6∝ 1l, ex-
cept for |Ψ3,3(a, b, c)〉 itself. We consider states with
~g = (x, x, x) ∈ IR3+. Recall that |Ψ3,3(a, b, c)〉 exhibits, in
contrast to the three-qubit GHZ state, the same strong
correlations for measurements in all of the generalized
Pauli bases. We will therefore not see any qualitative
differences in the investigation of CN (ψ(~g; k; a, b, c)) for
different values of k and hence choose k = (1, 0). In order
to simplify the comparison with the qubit case, we more-
over choose a = 1, b = c = 0 and thereby states in the
SLOCC class of the generalized GHZ state, |GHZ3,3〉.
In Fig. 3 we see, similar to the three-qubit case, that
C4(ψ((x, x, x); (1, 0); 1, 0, 0)) decreases with increasing x.
We call the bases of S(0,1), S(1,0), S(1,1) and S(1,2) the Z-
, X-, XZ- and XZZ-basis, respectively, and denote the
correlations in the basis W by QW = 1/3
∑3
l=1 I(W
(l) :
W (l¯)). The correlation among the measurements in the
X-basis remains high even for large values of g, while
the correlations in the other mutually unbiased bases de-
crease faster. In contrast to the three-qubit case, all of
these correlation functions are strictly monotonic func-
tions of x.
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FIG. 3: Correlations of the three-qubit state
|ψ((x, x, x); (1, 0); 1, 0, 0)〉, which is an element of the
MES. The correlations obtained by measuring in the Z-, X-,
XZ- and XZZ-basis (solid red line) are in good agreement
with the correlations obtained if we optimize over the mutu-
ally unbiased bases (red dots). C4 monotonically decreases
with x. The correlations in the X-basis, QX , decline slower
(uppermost dashed line; red) compared with the correlations
QZ (middle dashed line; green). The correlations QXZ and
QXZZ are identical and the weakest (lowest dashed line;
blue).
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C. States of more than three subsystems
There are also genuinely multipartite entangled states
|ψ〉 ∈ (ICd)⊗n, with n > 3, that reach the maximal value
of CN (ψ) = log(d) for some N . Note that, for exam-
ple, all generic four-qubit seed states have completely
mixed single-qubit reduced states and their stabilizer is
{σ⊗4i }i∈{0,x,y,z}, where σ0 ≡ 1l (see e.g. [6]). Therefore,
they maximize C2 and C3 according to Theorem 5. The
same holds for a class of 2m-qubit states (m ≥ 2) with
stabilizer {σ⊗2mi }i∈{0,x,y,z} presented in [35]. Note that
also many graph states [38] maximize C3. For these states
one can construct Pauli symmetries from their stabilizer
that fulfill the requirements of Theorem 5. An example
is the n-qubit GHZ state for n even. Further examples
are the states corresponding to the binary tree graphs of
eight or of 16 vertices for which all leaf nodes have the
same depth. Another example is the four-qutrit AME
state in Eq. (18), which maximizes C2 if the generalized
Pauli operators Z3 and X3 are measured on each of the
subsystems. Going to higher-dimensional systems, it is
moreover easy to see that S⊗nd,k |GHZd,n〉 = |GHZd,n〉, for
all k ∈ {0, . . . , d− 1}2, if n = m · d. Using this, and the
fact that the generalized Pauli operators form a complete
set of MUBs for prime d, it follows from Theorem 5 that
|GHZd,m·d〉 maximizes CN for all N ∈ {2, . . . , d+ 1} if d
is a prime number. The corresponding measurements are
given by the N mutually unbiased generalized Pauli op-
erators. Another interesting state is the Aharanov state
(see e.g. [39]), which is defined as
|Sd〉 = 1√
d!
d−1∑
i1,...,id=0
ǫi1,...,id |i1 . . . id〉 ∈ (ICd)⊗d, (32)
where ǫi1,...,id denotes the generalized Levi-Civita` sym-
bol. It is easy to see that |Sd〉 maximizes the mutual
information between any subsystem and the rest, if
each of the systems is measured in the computational
basis. Moreover, this also holds if any other basis is
measured, as the Aharonov state fulfills U⊗d |Sd〉 = |Sd〉
for any unitary U . This implies that |Sd〉 maximizes
CN whenever N MUBs exist on ICd. In particular, |Sd〉
maximizes C2 for any d and it maximizes Cd+1 whenever
d is the power of a prime number.
The states mentioned so far are all multipartite entan-
gled. There are, however, biseparable states of more than
three subsystems that maximize CN . It is straightforward
to see that for a system with Hilbert space H = (ICd)⊗n,
where n is even, any n/2 pairs of maximally entangled
states maximize C2. Note, however, that such a bisepa-
rable pure state |ψbisep〉 can be easily distinguished from
genuinely multipartite pure states as they obviously fulfill
S(ρA) = 0 for some genuine subsystem A ( {1, . . . , n},
where ρA = tr{1,...,n}\A(|ψbisep〉 〈ψbisep|).
VI. DETECTION OF MIXED STATE
ENTANGLEMENT
In this subsection we show how {CN} can be used
to detect entanglement of multipartite mixed states
of systems with arbitrary dimensions. We focus here
on the systems with local dimension d. However,
the results can be easily generalized to systems with
different local dimensions. We first show that any state
of a n-partite system exceeding a certain value of CN
has to be entangled, which generalizes the results on
bipartite entanglement detection presented in [12, 13].
For tripartite systems with Hilbert space H = (ICd)⊗3
we moreover show that this entanglement has to be
tripartite in nature if CN of the corresponding state
exceeds another (higher) threshold value. Hence, {CN}
can be used to detect genuine tripartite entanglement
using a number of local measurements in MUBs that
scales at most linearly with the local dimension. This is
in contrast to the fact that the number of measurements
required for entanglement detection generally grows
rapidly with the size of the system [15]. In [40, 41]
related approaches to the detection of multipartite
entanglement via MUBs that are not based on classical
information measures were proposed. We compare our
results to those and show that, even if only two local
measurement settings are used, i.e. if a lower bound on
C2 is measured, our method is comparably useful for
detecting also high-dimensional tripartite entanglement.
Another advantage of the detection method presented
here is that one does not need to know the phase re-
lation between the different measurements (see e.g. [41]).
A state of a system composed of n different d-level
systems is called fully separable if it is expressible as
ρsep =
∑
j pjρ
(1)
j ⊗ ρ(2)j ⊗ . . .⊗ ρ(n)j , where ρ(i)j is a state
of system i, pj ≥ 0 and
∑
j pj = 1. It can be easily seen,
as we will explain in the following, that
N∑
k=1
Iρsep(B(l)k : B(l¯)k ) ≤ N log(d)− f(N, d), (33)
for all parties l ∈ {1, . . . , n}, where f(N, d) is such that
the entropic uncertainty relation
N∑
k=1
H(Bk|ρ) ≥ f(N, d), ∀ρ ∈ D(ICd), (34)
holds. Note first that the statement in Eq. (33) has been
proven in [12] for separable states of bipartite systems
in the special case of N = 2 and f(2, d) = log(d).
Note further that any fully separable state is of course
separable with respect to any bipartition of the parties.
It is then easy to see that the proof in [12] can be
generalized to the statement above.
Considering the sum over all parties of Eq. (33), we ob-
tain that all fully separable states cannot exceed a value
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of CN = log(d)− f(N,d)N . This is equivalent to the follow-
ing lemma.
Lemma 6. A state ρ ∈ D((ICd)⊗n) with
CN (ρ) > log(d)− f(N, d)
N
(35)
is not fully separable, where f(N, d) is such that Eq. (34)
holds.
In order for Lemma 6 to yield a strong condition for the
presence of entanglement, one should obviously choose
f(N, d) as large as possible. We have presented exam-
ples of f(N, d) in Eqs. (5 - 7). Lemma 6 does not make
any statement on the nature of the entanglement con-
tained in a state that exceeds the given threshold, e.g.
whether it is bipartite, or genuinely multipartite. For
tripartite systems, however, we provide another condi-
tion that is sufficient to show that this entanglement is
in fact multipartite in nature.
Lemma 7. A state ρ ∈ D((ICd)⊗3) with
CN (ρ) > log(d)− f(N, d)
3N
(36)
is genuinely tripartite entangled. Here, f(N, d) is again
such that Eq. (34) holds.
We provide the proof of Lemma 7 in Appendix B.
Using Lemma 6 and Eqs. (5 - 7), i.e. f(2, d) = log(d),
we have that a state ρ ∈ D((ICd)⊗n) with
C2(ρ) > 1/2 log(d), (37)
contains entanglement, i.e. is not fully separable, and
that a state ρ ∈ D((ICd)⊗3) with
C2(ρ) > 5/6 log(d), (38)
contains tripartite entanglement. The bound in Eq. (37)
is in fact tight as it is saturated by the classically corre-
lated state ρc = 1/d
∑d−1
i=0 |i〉 〈i|⊗n. Note that one might
be able to improve the detection threshold in Eq. (38).
Using Eqs. (7) we get f(N, d) = −N log (N+d−1
dN
)
and
subsequently that any state with
CN(ρ) > log
(
1 +
d− 1
N
)
(39)
is entangled and a tripartite state with
CN (ρ) > 2
3
log(d) +
1
3
log
(
1 +
d− 1
N
)
(40)
is genuinely tripartite entangled. Using f(d + 1, d) =
d
2 log
d
2 +
(
d
2 + 1
)
log
(
d
2 + 1
)
of Eq. (7) if d is a power
of two and N = d + 1, these thresholds can even be
improved if a complete set of MUBs exists for the
corresponding system. In Table I we present numerical
values of these bounds for three-qubit and three-qutrit
d = 2 d = 3
C2(ρsep) 1/2 1/2 log(3)
C3(ρsep) 1/3 ≈ 0.465 log(3)
C4(ρsep) −− ≈ 0.366 log(3)
C2(ρbisep) 5/6 5/6 log(3)
C3(ρbisep) 7/9 ≈ 0.822 log(3)
C4(ρbisep) −− ≈ 0.790 log(3)
TABLE I: We consider three-qubit (d = 2) and three-qutrit
(d = 3) systems and depict numerical values of the upper
bounds on the value of CN that a separable state, ρsep, or a
biseparable state, ρbisep, can attain, respectively. If a state
yields a higher value, it is detected as entangled or genuinely
multipartite entangled, respectively. Recall that the upper
bound for CN is 1 for qubits and log(3) for qutrits. Note that
C4 does not exist for three-qubits as there are at most three
mutually unbiased bases on IC2. Note also that in [43] it has
been found numerically that for d = 3 and N = 3 it holds that
f(3, 3) = 3 (see Eq. (34)) is optimal, and hence the bounds
C3(ρsep) ≤ 0.369 log(3) and C3(ρbisep) ≤ 0.790 log(3) hold.
systems.
Note that the thresholds in Eq. (39) decrease with in-
creasing N . This, however, does not necessarily imply
that CN detects more multipartite entangled states than
CN ′ if N > N ′. There are, e.g., three-qutrit states that
are detected by C3, but not by C2. However, we show
below that there are also three-qubit states that are de-
tected by C2, but not by C3.
A. Examples of detection of low-dimensional
tripartite entanglement
In this subsection we give examples of how the func-
tions {CN} can be used to detect tripartite entanglement
in low-dimensional systems.
1. Detection of genuine three-qubit entanglement
Let us use {CN} to detect genuine three-qubit entangle-
ment. We have shown in Sec. VA that the three-qubit
GHZ state is the only pure state that yields the maxi-
mal value of C2(GHZ2,3) = 1 while we have numerical
evidence that there is no three-qubit pure state that ex-
ceeds C3(GHZ2,3) = 2/3, which is below the detection
threshold (see Table I). This suggests that C2 is better
suited to detect three-qubit entanglement than C3, as C2
detects all states with C2 > 5/6 as genuinely multipartite
entangled. Although this does not allow to detect the W
state, |W 〉 ∝ |100〉 + |010〉 + |001〉 (C2(W ) = 0.685) it
can be used to detect mixtures of GHZ-type states. The
advantage here, as compared to many other detection
methods, is that only two local measurement settings are
required.
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In the following we use C2 to detect genuine tripartite
entanglement in mixtures of the GHZ state with white
noise, i.e.
ρGHZ2,3 (p) = (1− p) |GHZ2,3〉 〈GHZ2,3|+
p
8
1l.
Note that ρGHZ2,3(p) can be detected as tripartite entan-
gled for p < 4/7 using at least four local measurement
settings [42]. As the maximal value of C2(GHZ2,3) = 1
is reached if each of the subsystems is measured in the
x- or the z-basis we can expect that this measurement
setting also gives a good lower bound on C2(ρGHZ2,3 (p)).
In fact we see numerically that it is optimal. Using
this measurement setting, it is then easy to obtain an
analytical formula for C2(GHZ2,3) and show that C2 can
detect entanglement up to 5.94% (p = 0.0594) of white
noise.
2. Detection of genuine three-qutrit entanglement
In Section VB we have seen that there is a continuous
set of pure three-qutrit states maximizing each of the
correlation functions in {CN}4N=2. Hence, each of
these functions can be used to detect genuine tripartite
entanglement in the vicinity of these three-qutrit states.
Here, we discuss how {CN} can be used to detect
tripartite entanglement in two special three-qutrit states
in the presence of white noise. These states are the
generalized GHZ state, |GHZ3,3〉 =
∣∣Ψ3,3(1/√3, 0, 0)〉,
and the Aharonov state, |S3〉 =
∣∣Ψ3,3(0, 1/√6,−1/√6)〉.
Before we do so, we review another method to detect
multipartite entanglement via measurements in mutually
unbiased bases proposed in [40], with which we compare
our detection method.
In [40] a set of correlation functions for states ρ ∈
D((ICd)⊗d) has been introduced that can be used to de-
tect genuine multipartite entanglement. The authors first
defined another correlation function which we express in
our notation as
AB(ρ) =
d−1∑
i1,...,id=0
|ǫi1,...,id | p(i1, . . . , id|{B, . . . ,B}; ρ),
where B is a basis and ǫi1,...,id is the generalized Levi-
Civita symbol [48]. Using this function, they then defined
the correlation function
JN (ρ) = max
{Bk}Nk=1
N∑
k=1
ABk(ρ), (41)
where {Bk}Nk=1 is a set of MUBs, and showed that
JN (ρbisep) ≤ 1 + N − 1
d
. (42)
Moreover, they showed that |S3〉 reaches the maximum
of JN (S3) = N for N ∈ {2, 3, 4}.
Let us now compare the two methods for the GHZ and
the Aharanov state mixed with white noise, i.e. for
ρGHZ3,3(p) = (1− p) |GHZ3,3〉 〈GHZ3,3|+
p
27
1l,
ρS3(p) = (1− p) |S3〉 〈S3|+
p
27
1l.
For both sets of correlation functions we measure both
states in the Pauli setting. As expected, C4 and J4 detect
the most states. We see that ρS3(p) can be detected by
C4 to be genuinely tripartite entangled up to a value of
at least 9.18% [49]. Not suprisingly, {JN} surpasses this
value considerably with a detection threshold of 64.29%.
However, the set {CN} is better in detecting the states
ρGHZ3,3(p). Using the Pauli measurement setting we ob-
tain a lower bound on CN (ρGHZ3,3 (p)) for which numer-
ical investigations reveal that it is in fact tight, i.e. that
the optimal MUBs are the eigenbases of the generalized
Pauli operators, {Z3, X3, X3Z3, X3Z23}. The correspond-
ing analytical expression reads
CN (ρGHZ3,3 (p)) =
1
9N
((6N − 4)p log(p)− 3(N − 2)(2p− 3) log(3− 2p) + (9− 8p) log(9− 8p))
Comparing this with the detection thresholds in Table
I we see that C4 detects more states than C2 and C3
and yields a lower bound of 8.33% up to which the
state ρGHZ3,3(p) is detected to be genuinely multipartite
entangled. In order to find {JN(ρGHZ3,3 (p))}4N=1,
we perform a numerical optimization over mutually
unbiased bases of three-qutrits. Note that we optimize
here only over unitary rotations of the generalized Paulis
such that the obtained threshold is just a lower bound.
We find that ρGHZ3,3 (p) is not even detected for p = 0
by any of the lower bounds on {JN} obtained in this way.
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3. Examples of detection of high-dimensional tripartite
entanglement
We have shown above that {CN} can be used to detect
genuine tripartite entanglement in states of small local
dimensions. Here, we show that Lemma 7 also yields
nontrivial detection thresholds for states of higher local
dimension d. Note that
X⊗3d |GHZd,3〉 = Zd−2d ⊗ Zd ⊗ Zd |GHZd,3〉 = |GHZd,3〉 ,
and hence Theorem 5 implies that C2(GHZd,3) = log(d)
is maximal. The corresponding measurements are per-
formed in the eigenbases of Xd and Zd. Hence, C2 can
always be used to detect genuine tripartite entangle-
ment in the vicinity of |GHZd,3〉. As an example we
show here how tripartite entanglement can be detected
in ρd,3(p) = (1 − p) |GHZd,3〉 〈GHZd,3|+ p/d31l for non-
trivial values of p > 0. Note that it is easy to derive an
analytical formula for C2(ρd,3(p)) which is obtained by
measuring in the eigenbases of Xd and Zd and which is a
lower bound on C2(ρd,3(p)). We can certify the presence
of tripartite entanglement whenever C2(ρd,3(p)) is larger
than the detection threshold of 5/6 log(d) in Eq. (38),
i.e. whenever the quantity
R(p; d) ≡ 6
5
C2(ρd,3(p))
log(d)
(43)
fulfills R(p; d) > 1. Using this formula, one can then
determine up to which maximal noise level, pmax(d),
the state ρd,3(p) can be detected as genuinely tripartite
entangled (excluding pmax(d) itself), i.e. for which
R(pmax(d); d) = 1. In Fig. 4 it is shown how R(p; d)
decays as a function of p for some fixed dimensions d.
The corresponding pmax(d) are given in the caption of
the figure. In Fig. 5 the values of pmax(d) are depicted
for 3 ≤ d ≤ 1000. pmax(d) grows considerably with
increasing d. In fact, it is easy to show that R(p; d)
is to leading order independent of d for large d, i.e.
R(p; d) ≈ 6/5(1 − p) for d >> 1. Due to this scaling,
it is straightforward to see that a noise level of around
pmax = 1/6 is the most that can still be detected by C2
for large d. The values of pmax(d) in Fig. 5 clearly show
that C2 can be used to detect even high-dimensional
multipartite entanglement to relatively high noise levels
by using only two local measurements. Note again that
it is not necessary to know the phase relations between
the locally measured MUBs, which can be an advantage
in experiment. These results are in contrast to the
fact that the complexity associated to the detection of
entanglement generally grows rapidly with the system
size. Note moreover that, for some dimensions d (e.g.
d = 3), the detection efficiency can be increased if more
MUBs are included in the measurement, i.e. if CN is
considered, with N > 2.
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48
FIG. 4: Each of these lines represents R(p;d) (see Eq. (43))
for some d indicated in the legend. ρd,3(p) is no longer de-
tected as being genuinely tripartite entangled if the line cor-
responding to the dimension d is below one. The lower d
is, the faster the correlation decreases in relation to the de-
tection threshold. The maximal noise-levels that can be tol-
erated are pmax(3) = 7.09%, pmax(6) = 8.82%, pmax(12) =
10.17%, pmax(24) = 11.18%, pmax(48) = 11.95%.
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FIG. 5: This figure shows pmax(d) for 3 ≤ d ≤ 1000, i.e. the
noise level for which R(pmax(d); d) = 1 holds (see Eq. 43).
Note the logarithmic scale for d.
VII. GENERALIZATION TO MUTUALLY
UNBIASED MEASUREMENTS
Recently, the authors of [17] generalized the concept
of MUBs to mutually unbiased measurements (MUMs).
These sets of generalized measurements coincide with
MUBs iff their POVM elements are rank one projectors.
It has been shown that the method of entanglement de-
tection via MUBs proposed in [20] can be generalized for
bipartite systems to MUMs and that this increases the
detection strength if no complete set of MUBs is known
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[44]. As we show here, the results derived in the previ-
ous sections can be generalized to the case where MUMs
are measured on the subsystems instead of MUBs. Two
generalized measurements in ICd, P1 = {P1(i)}d−1i=0 and
P2 = {P2(i)}d−1i=0 , are called mutually unbiased if [17]
tr(Pk(i)) = 1,
tr(P1(i)P2(i
′)) =
1
d
,
tr(Pk(i)Pk(i
′)) = δi,i′κ+ (1− δi,i′ )1− κ
d− 1 ,
for all k ∈ {1, 2} and for all i, i′ ∈ {0, . . . , d − 1}, where
1/d < κ ≤ 1 and κ = 1 holds iff all POVM elements
are rank one projectors and the MUMs are therefore also
MUBs. A set of d + 1 generalized measurements that
are mutually unbiased with the same κ is called a com-
plete set of MUMs. In [17] it has also been shown how a
complete set of MUMs can be constructed for any d from
any orthogonal basis of the space of hermitian, traceless
operators that map ICd to itself.
Due to the operational character of CN , its generaliza-
tion to MUMs is obvious. Instead of measuring the clas-
sical correlations obtained by measuring in MUBs (see
Eq. (11-12) for the definition of CN), we use the same
entropic quantities to quantify the classical correlations
obtained by measuring in MUMs. The thresholds for en-
tanglement detection in Lemma 6 and Lemma 7 can also
be easily generalized to MUMs. In order to see this, note
first that a complete set of MUMs {Pk}d+1k=1 fulfills the
uncertainty relation [17]
d+1∑
k=1
H(Pk|ρ) ≥ (d+ 1) log
(
d+ 1
1 + κ
)
. (44)
The inequality in Eq. (44) appears to be stronger for
smaller κ. However, the uncertainty of each measure-
ment itself has to be included in any judgement about
the mutual unbiasedness of the MUMs. This can be eas-
ily seen by looking at a measurement with the minimum
value of κ = 1/d, whose measurement operators are com-
pletely mixed and therefore do not yield any informa-
tion about the state of the system. In [17] it has been
shown how one can account for this uncertainty inherent
to non-projective measurements in order to get improved
uncertainty relations. Using Eq. (44) one can, similar to
Lemma 6 for MUBs, show that a state ρ that is measured
in a set of MUMs with efficiency parameter κ that yields
the correlations Cd+1(ρ) is entangled if
Cd+1(ρ) > log(d) − log
(
1 + d
1 + κ
)
(45)
and genuinely tripartite entangled if
Cd+1(ρ) > log(d)− 1
3
log
(
1 + d
1 + κ
)
. (46)
In future research it would be interesting to investigate
whether MUMs can increase the detection efficiency of
the presented method for some systems.
VIII. CONCLUSION
We have presented a set of new measures of multi-
partite quantum correlations, {CN}. CN measures mul-
tipartite quantum correlations in terms of classical cor-
relations contained in the measurement results of local
measurements in N mutually unbiased bases. This gen-
eralizes the approach presented in [12] to the multipartite
realm. We have derived some necessary and some suffi-
cient conditions for a multipartite state to maximize CN .
These allowed us to show that many interesting multipar-
tite quantum states maximize these measures. Examples
are states that have been identified as being particular-
ily important in the context of LOCC transformations
in earlier works; other examples are certain graph states
and generalized GHZ states. We have moreover shown
that the set of correlations {CN} can be used to detect
genuine tripartite entanglement using only a few local
measurement settings in mutually unbiased bases. This
allows to detect even high-dimensional tripartite entan-
glement using only two local measurement settings whose
phase relation does not need to be known.
As CN is a correlation measure with a clear operational
meaning, it would be interesting to see in future research
if it can reveal new applications for states that maxi-
mize CN . Moreover, it would be interesting to study the
generalization of CN to MUMs in more detail and in-
vestigate whether this leads to an increased efficiency in
entanglement detection. Finally, it would be appealing
to investigate how the correlation measures {CN} could
be used to detect genuine multipartite entanglement of
systems comprised of more than three subsystems.
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Appendix A: Proof of Lemma 1
In this Appendix we present the proof of Lemma 1.
Note that all definitions that are relevant for this lemma
are stated before Lemma 1 in the main text. For the
sake of brevity we do not restate them here. However,
we do restate the lemma (see also [12, 16]).
Lemma 1.
For a bipartite state ρAB ∈ D(ICd
′ ⊗ ICd), with d′ ≥ d,
there exist measurements as described before Lemma 1 in
the main text for which I(X : YX)+ I(Z : YZ) = 2 log(d)
iff ρAB admits the decomposition
ρAB =
∑
k
q˜k(Vk ⊗ 1l)
∣∣φ+〉 〈φ+∣∣ (V †k ⊗ 1l), (A1)
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where {q˜k} are probabilities, Vk are isometries mapping
ICd to ICd
′
and where Vk and Vk′ have orthogonal images,
i.e. V †k Vk′ = 0, for k 6= k′.
Proof. In the main part we have already discussed the
“if”-part. Here, we present a proof of the “only if”-
part. As noted in the main text, it follows directly from
Holevo’s Theorem that I(X : YX)+I(Z : YZ) = 2 log(dB)
can only be achieved if
S
(
ρ(B)
)
= log(d) (A2)
and
S
(
ρ
(B)
R (i)
)
= 0, ∀i and for R ∈ {X,Z}, (A3)
where ρ(B) = trA(ρAB) =
∑
i pR(i)ρ
(B)
R (i) for R ∈{X,Z}.
For the sake of readability we continue to use the vari-
able R ∈ {X,Z} in all statements that hold for both X
and Z. Eq. (A3) implies that ρ
(B)
R (i) = |R(i)〉 〈R(i)| for
some pure states {|R(i)〉}. Using that the measurements
of Bob are complete, it is easy to see that Eq. (14) in
the main text implies that Bob’s measurements have ex-
actly d POVM elements, {QRy(i)}d−1i=0 . In order to be
able to perfectly discriminate the states {|R(i)〉} (and
extract the maximal information) and to fulfill Eq. (14)
it has to hold that QRy (i) = |R(i)〉 〈R(i)|, ∀i, and that
{|R(i)〉}d−1i=0 is an orthonormal basis. Moreover, the bases
{|X(i)〉} and {|Z(i)〉}, which we call the X- and Z-basis,
respectively, have to be mutually unbiased.
Alice’s measurements are composed of the POVM el-
ements {PR(j)}. If these are more than d POVM ele-
ments, some outcomes have to yield the same state on
Bob’s system. We denote the set of all outcomes j that
lead to the state |R(i)〉 on Bob’s system by I(i) and
define the operator P˜R(i) =
∑
j∈I(i) PR(j). Note that∑d−1
i=0 P˜R(i) = 1lA, where 1lA denotes the identity on the
support of ρ(A) = trB(ρAB). Eq. (A3) implies that
trA((P˜R(i)⊗ 1l)ρAB) = pR(i) |R(i)〉 〈R(i)| , (A4)
for all i ∈ {0, . . . , d − 1}. From Eq. (A2) it follows that
trA(ρAB) = 1/d1l and using
∑
i P˜R(i) = 1l we see that
trA(ρAB) =
d−1∑
i=0
pR(i) |R(i)〉 〈R(i)| = 1
d
1l, (A5)
which implies that pR(i) = 1/d, ∀i.
Let us now write
ρAB =
∑
k
|φk〉 〈φk| , (A6)
where {|φk〉} are orthonormal, unnormalized pure states.
It is easy to see that Eq. (A4) implies that
trA(P˜R(i)⊗ 1l |φk〉 〈φk|) = qR,k(i) |R(i)〉 〈R(i)| , ∀k, i,
(A7)
where qR,k(i) ≥ 0,
∑
k qR,k(i) = pR(i) = 1/d. Let us
write |φk〉 = Bk ⊗ 1l |φ+〉 for some operator Bk. Using
that trA(W ⊗ 1l |φ+〉 〈φ+|) = 1/d WT for any operator
W , it is easy to see that Eq. (A7) is equivalent to
B†kP˜R(i)Bk = d qR,k(i) |R(i)∗〉 〈R(i)∗| , ∀i, k. (A8)
Here, |R(i)∗〉 denotes for all i ∈ {0, . . . , d−1} the complex
conjugate of |R(i)〉 in the computational basis. Summing
Eq. (A8) over all i ∈ {0, . . . , d− 1} yields
B†kBk = d
d−1∑
i=0
qR,k(i) |R(i)∗〉 〈R(i)∗| . (A9)
As R ∈ {X,Z}, Eq. (A9) shows that B†kBk is diagonal in
both orthonormal bases {|Z(i)∗〉}d−1i=0 and {|X(i)∗〉}d−1i=0 .
This implies that {qX,k(i)}d−1i=0 = {qZ,k(i)}d−1i=0 and we
set, without loss of generality, qX,k(i) = qZ,k(i) = qk(i)
by resorting the Z-basis.
Next, we show that these conditions imply that
B†kBk ∝ 1l. Recall that {|X(i)∗〉}d−1i=0 and {|Z(i)∗〉}d−1i=0
are MUBs. That is, the unitary U with |X(i)∗〉 =
U |Z(i)∗〉, for all i, has entries Ulm = 1/
√
de−iφlm , where
e−iφlm are phases for all l,m ∈ {0, . . . , d−1}. Let us now
express B†kBk as a matrix in the basis {|Z(i)∗〉}d−1i=0 , i.e.
B†kBk = ddiag(qk(1), . . . , qk(d)) ≡ Dk. Then Eq. (A8) is
equivalent to
B†kBk = Dk = UDkU
†. (A10)
It is straightforward to show that this can only be satis-
fied if qk(i) = qk(j) = qk for all i, j, i.e. if B
†
kBk = qkd1l.
Hence, Bk =
√
qk
√
dVk for some isometry Vk and |φk〉 =√
qk
√
d(Vk ⊗ 1l) |φ+〉.
Let us now show that Vk, Vk′ have orthogonal images,
i.e. V †k Vk′ = 0, for k 6= k′. Note first that Eq. (A8) is
equivalent to
V †k P˜R(i)Vk = |R(i)∗〉 〈R(i)∗| , ∀i, k. (A11)
Writing Vk =
∑d−1
l=0 |αR,k(l)〉 〈R(l)∗|, where
{|αR,k(l)〉}d−1l=0 are orthonormal states of Al-
ice’s system. Eq. (A11) can only be fulfilled if
〈αR,k(l)|P˜R(i)|αR,k(l′)〉 = δl,l′δl,i, ∀k. This implies that
P˜R(i) |αR,k(j)〉 = δij |αR,k(i)〉 , ∀k. We can conclude
that
〈αR,k(i)|αR,k′ (j)〉 = vRk,k′ (i)δi,j , (A12)
where vRk,k′ (i) ∈ IC. In the following we show that
vXk,k′ (i) = δk,k′ holds [50]. That v
X
k,k(i) = 1 holds is
obvious. Let us consider the case k 6= k′. Inserting
|X(l)∗〉 = U |Z(l)∗〉 into Vk =
∑d−1
l=0 |αX,k(l)〉 〈X(l)∗| =∑d−1
l=0 |αZ,k(l)〉 〈Z(l)∗| it is easy to see that |αZ,k(j)〉 =
1/
√
d
∑d−1
l=0 e
iφlj |αX,k(l)〉 (and similar for k′). Inserting
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this into Eq. (A12) for i = 0 6= j it is then easy to see
that
〈αZ,k(0)|αZ,k′ (j)〉 = 1/d
d−1∑
l=0
e−iφl0eiφljvXk,k′ (l) = 0,
(A13)
for j ∈ {1, . . . , d − 1}. From the fact that 〈φk|φk′ 〉 =√
qkqk′d 〈φ+| (V †k ⊗1l)(Vk′ ⊗1l) |φ+〉 =
√
qkqk′tr(V
†
k Vk′) =
0 (for k 6= k′) and that qk, qk′ 6= 0 we obtain that∑d−1
m=0 v
X
k,k′ (m) = 0. This equation combined with Eq.
(A13) is equivalent to
M~v = ~0, (A14)
where the entries of the matrix
(Mjl)j∈{1,...,d},l∈{0,...,d−1} ∈ ICd×d are Mjl =
1/
√
de−iφl0eiφlj for j ∈ {1, . . . , d − 1}, l ∈ {0, . . . , d − 1}
and Mjl = 1/
√
d for j = d, l ∈ {0, . . . , d− 1}, and where
the entries of ~v are vl = v
Z
k,k′ (l) for l ∈ {0, . . . , d − 1}.
Using that the phases 1/
√
de−iφlj are the entries of the
unitary matrix U it is easy to see that M is unitary as
well. Hence, ~v = ~0 is the only solution of Eq. (A14).
That is, vZk,k′ (i) = δk,k′ holds and we obtain from Eq.
(A12) that 〈αZ,k(i)|αZ,k′ (j)〉 = δk,k′δi,j . This shows
that the isometries Vk and Vk′ have orthogonal images.
We can thus conclude that ρAB can be expressed as
ρAB =
∑
k
q˜k(Vk ⊗ 1l)
∣∣φ+〉 〈φ+∣∣ (V †k ⊗ 1l), (A15)
where {q˜k = qkd} are probabilities and Vk and V ′k are
isometries whose images are orthogonal for k 6= k′.
This is the decomposition described in Eq. (A1). This
completes the proof.
Appendix B: Proof of Lemma 7
In this Appendix we present the proof of Lemma 7,
which we state here again.
Lemma 7.
A state ρ ∈ (ICd)⊗3 with
CN (ρ) > log(d)− f(N, d)
3N
is genuinely tripartite entangled. Here, f(N, d) is again
such that Eq. (34) holds.
Proof. We prove the equivalent statement that any bisep-
arable state ρbisep has to fulfill
CN (ρbisep) ≤ log(d) − f(N, d)
3N
. (B1)
Note that a biseparable state can be expressed as
ρbisep =
∑
j
3∑
l=1
p
(l)
j ρ
(l)
j ⊗ ρ(l¯)j ∈ D((ICd)⊗3), (B2)
where ρ
(l)
j is a normalized state of subsystem l ∈ {1, 2, 3},
ρ
(l¯)
j is a normalized state of the remaining subsystems,
p
(l)
j > 0 and
∑
j,l p
(l)
j = 1. Using the definition of CN and
of the mutual information it is easy to see that
CN(ρbisep) ≤ log(d)− 1
3N
N∑
k=1
3∑
l=1
H(B(l)k |B(l¯)k ; ρbisep)
(B3)
where {B(l)k }k,l with B(l)k = {|bk(i)〉l}d−1i=0 is the set of
MUBs that optimize CN (ρbisep). We now derive an upper
bound on the second term on the right-hand-side of Eq.
(B3). Notice that
H(B(1)k |B(1¯)k ; ρbisep) =
d−1∑
i2,i3=0
p(i2, i3|k) H(B(1)k |ρ(1)k (i2, i3)).
(B4)
Here, p(i2, i3|k) ≡ p(i2, i3|{B(m)k }m∈{2,3}; ρbisep) is the
probability that parties 2 and 3 obtain outcomes i2 and
i3 in basis B(2)k and B(3)k , respectively, and ρ(1)k (i2, i3) is
the state of party 1 after these measurement outcomes
have been broadcasted to this party. It is easy to see
that
ρ
(1)
k (i2, i3) =
∑
j
βj(i2, i3)ρ
(1)
j + γ(i2, i3)ρ
′(i2, i3),
where
βj(i2, i3) =
p
(1)
j 〈bk(i2), bk(i3)|2,3 ρ(1¯)j |bk(i2), bk(i3)〉2,3
p(i2, i3|k) ,
(B5)
γ(i2, i3) = 1−
∑
j
βj(i2, i3) ≥ 0,
and ρ′(i2, i3) is a normalized state of the first subsystem.
Using the concavity of the Shannon entropy we get
H(B(1)k |ρ(1)k (i2, i3))
≥
∑
j
βj(i2, i3)H(B(1)k |ρ(1)j ) + γ(i2, i3)H(B(1)k |ρ′(i2, i3))
≥
∑
j
βj(i2, i3)H(B(1)k |ρ(1)j ). (B6)
The definition of βj(i2, i3) in Eq. (B5) together with Eq.
(B4) and Eq. (B6) then imply
H(B(1)k |B(1¯)k ; ρbisep) ≥
∑
j
p
(1)
j H(B(1)k |ρ(1)j ). (B7)
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Adding up these inequalities for all k ∈ {1, . . . , N} and
using the entropic uncertainty relation Eq. (34) yields
∑
k
H(B(1)k |B(1¯)k ; ρbisep) ≥ α1f(d,N). (B8)
Here, we used the notation α1 =
∑
j p
(1)
j . We can get
similar expressions for parties 2 and 3. Adding up all the
corresponding inequalities and using that α1+α2+α3 = 1
we can therefore conclude that
N∑
k=1
3∑
l=1
H(B(l)k |B(l¯)k ; ρbisep) ≥ f(d,N). (B9)
Using this inequality in Eq. (B3) we obtain Eq. (B1),
which completes the proof.
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